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Abstract
S. Hu and Y. Sun [S. Hu, Y. Sun, Fixed point index for weakly inward mappings, J. Math. Anal.
Appl. 172 (1993) 266–273] defined the fixed point index for weakly inward mappings, investigated
its properties and studied the fixed points for such mappings. In this paper, following S. Hu and
Y. Sun, we continue to investigate boundary conditions, under which the fixed point index for the
completely continuous and weakly inward mapping, denoted by i(A,Ω,P ), is equal to 1 or 0. Corre-
spondingly, we can obtain some new fixed point theorems of the completely continuous and weakly
inward mappings and existence theorems of solutions for the equations Ax = μx, which extend
many famous theorems such as Leray–Schauder’s theorem, Rothe’s two theorems, Krasnoselskii’s
theorem, Altman’s theorem, Petryshyn’s theorem, etc., to the case of weakly inward mappings. In
addition, our conclusions and methods are different from the ones in many recent works.
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The Leray–Schauder degree theory and fixed point index theory play an important
role in the study of fixed points of completely continuous mappings in Banach spaces.
Consequently, they have been applied to solve various nonlinear differential and integral
equations (see [1–12]).
Let X be a real Banach space, Ω a bounded open subset of X and θ the zero element
of X. If A :Ω → X is a completely continuous operator, we have some well-known theo-
rems as follows (see [5–10]).
Suppose that A has no fixed point on ∂Ω , and one of the following conditions is satis-
fied:
(i) (Leray–Schauder) θ ∈ Ω , Ax = λx for any x ∈ ∂Ω and λ > 1;
(ii) (Rothe) ‖Ax‖ ‖x‖ for each x ∈ ∂Ω ;
(iii) (Rothe) let Ω be a convex open subset of X, A(∂Ω) ⊂ Ω ;
(iv) (Krasnoselskii) let X be a real Hilbert space, θ ∈ Ω , (Ax,x)  ‖x‖2 for every x ∈
∂Ω ;
(v) (Petryshyn) let θ ∈ Ω,‖Ax‖ ‖Ax − x‖ for all x ∈ ∂Ω ;
(vi) (Altman) ‖Ax − x‖2  ‖Ax‖2 − ‖x‖2 for each x ∈ ∂Ω .
Then deg(I − A,Ω,θ) = 1, and hence A has at least one fixed point in Ω .
In recent years, many authors have focused on weakly inward mappings and obtained
a lot of valuable results (see [1–3,5,6,10–12]). In 1993, S. Hu and Y. Sun [1] defined the
fixed point index for weakly inward mappings, investigated its properties and studied the
fixed points for such mappings. Due to the fact that this class of fixed point index needs
not acquire that the mappings discussed be cone mappings, the applicability of such index
theory is reasonably broadened.
In this paper, following S. Hu and Y. Sun, we continue to investigate boundary condi-
tions, under which the fixed point index for the completely continuous and weakly inward
mapping, denoted by i(A,Ω,P ), is equal to 1 or 0. Correspondingly, we can obtain
some new fixed point theorems of the completely continuous and weakly inward map-
pings and existence theorems of solutions for the equations Ax = μx, which extend many
famous theorems such as the above-mentioned Leray–Schauder’s theorem, Rothe’s two
theorems, Krasnoselskii’s theorem, Altman’s theorem, Petryshyn’s theorem, etc., to the
case of weakly inward mappings. In addition, our conclusions and methods are different
from ones in many recent works (e.g., [2,3]).
Now for convenience, we first recall some notations, definitions and properties about
the weakly inward mapping and its fixed point index, which are from S. Hu and Y. Sun [1].
Throughout this paper, let X denote a real Banach space and X∗ the dual space of X. For
any nonempty convex subset D ⊂ X and x ∈ D, we define the weakly inward set of D at
x by ID(x), where
ID(x) =
{
x + t (y − x): t  0, y ∈ D}.
A mapping A :D(A) ⊂ D → X is said to be weakly inward with respect to D if
Ax ∈ ID(x) for any x ∈ D(A).
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is, r is continuous and r|D = i|D , where i|D is the identity mapping on D.
Definition 1.1. D ⊂ X is said to be a retract of X with property (P ) if there is a retraction
r :X → D such that for any x ∈ X\D there is an x∗ ∈ X∗ such that
x∗(x) > x∗(rx) = sup
D
x∗(y). (1.1)
Definition 1.2. Assume that D is a retract of X with property (P ). We choose a retraction
r(x) satisfying condition (1.1). Let Ω ⊂ D be a bounded and relatively open subset of D,
A :Ω → X a completely continuous mapping that is weakly inward with respect to D. If
Ax = x for all x ∈ ∂D, then we define the fixed point index i(A,Ω,D) by
i(A,Ω,D) = deg(I − Ar,BR ∩ r−1(Ω), θ
)
, (1.2)
where R  0 is such that Ω ⊂ BR . Note that this generalized fixed point index possesses
the following basic properties:
(a) (Normalization) i(A,Ω,D) = 1 if Ay = y0 for all y ∈ Ω .
(b) (Solvability) A has a fixed point in Ω if i(A,Ω,D) = 0.
(c) (Additivity) For every pair of disjoint relatively open subsets Ω1,Ω2 of D such that A
has no fixed point in Ω\(Ω1 ∪ Ω2), we have
i(A,Ω,D) = i(A,Ω1,D) + i(A,Ω2,D).
(d) (Homotopy invariance) Suppose that H(t, x) = Ht(x) : [0,1] × Ω → X is continu-
ous and the range R(H) is precompact in X such that H(t, x) = x ∀t ∈ [0,1] and
x ∈ ∂Ω(D), H(t, ·) is weakly inward with respect to D for every t ∈ [0,1]. Then,
i(H(t, ·),Ω,D) is independent of t . In particular,
i
(
H(0, ·),Ω,D) = i(H(1, ·),Ω,D).
In the next section, we will assume that D = P is a cone of X and study A :Ω → X,
a completely continuous and weakly inward mapping, by means of these basic properties
of fixed point index.
2. Main results
We are now in the position to apply the above basic properties of the generalized fixed
point index to derive some new fixed point theorems of the completely continuous and
weakly inward mappings and existence theorems of solutions for the equations Ax = μx
which extend a great deal of well-known results and relevant ones recently.
Theorem 2.1. Let X be a real Banach space, P a cone of X, Ω ⊂ P a bounded relatively
open subset of P and A :Ω → X a completely continuous and weakly inward mapping. If
there exist x0 ∈ Ω and μ 1 such that
Ax − μx0 = k(x − x0), for all x ∈ ∂Ω(P ), k > μ, (2.1)
then i( 1 A,Ω,P ) = 1 and the equation Ax = μx has at least one solution in Ω .μ
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∂Ω(P ). Let A1 = 1μA, H(t, x) = tA1x + (1 − t)x0, for (t, x) ∈ [0,1] × Ω . Clearly, H is
continuous in [0,1] × Ω and the range R(H) is precompact in X.
(1) At first, we prove that H(t, ·) is weakly inward with respect to P for every t ∈ [0,1].
In fact, for x ∈ Ω , since A1(x) ∈ IP (x) and x0 ∈ IP (x), we have H(t, x) ∈ IP (x), which
is the desired result.
(2) Next we shall prove that H(t, x) = x ∀t ∈ [0,1] and x ∈ ∂Ω(D).
In fact, suppose it is not true. Then there exist y0 ∈ ∂Ω(P ) and t0 ∈ [0,1] such that
H(t0, y0) = y0, that is,
y0 = t0A1y0 + (1 − t0)x0. (2.2)
It follows that 0 < t0 < 1. Let λ0 = 1t0 . From (2.2), we have Ay0 − μx0 = λ0μ(y0 − x0).
So, it follows from the condition (2.1) that λ0μ μ, which implies that t0  1, a contra-
diction with the fact that 0 < t0 < 1. Thus H(t, x) is an admissible homotopy. Therefore,
i(Ht (x),Ω,P ) = const for t ∈ [0,1]. In particular, Since H(0, ·) = x0 ∈ Ω, we have
i(A1,Ω,P ) = i
(
H(1, ·),Ω,P ) = i(H(0, ·),Ω,P ) = 1,
i.e., i( 1
μ
A,Ω,P ) = 1. By Solvability property (b) of the fixed point index, we assert that
1
μ
A has at least one fixed point x∗ in Ω , i.e., Ax∗ = μx∗. 
Corollary 2.1. [1] Let X be a real Banach space, P a cone of X, Ω ⊂ P a bounded
relatively open subset of P with θ ∈ Ω . If A :Ω → E is a completely continuous and
weakly inward mapping and satisfies the Leray–Schauder boundary condition
Ax = tx, for all x ∈ ∂Ω(P ) and t  1, (L–S)
then i(A,Ω,P ) = 1, and so A has a fixed point in Ω .
Proof. In fact, from Theorem 2.1 it suffices to set x0 = θ,μ = 1. In addition, we can prove
Corollary 2.1 directly. 
Corollary 2.2. Let X be a real Banach space, P a cone of X, Ω ⊂ P a bounded relatively
open subset of P and A :Ω → X a completely continuous and weakly inward mapping. If
there exists x0 ∈ Ω such that
x = tAx + (1 − t)x0, for all x ∈ ∂Ω(P ), t ∈ (0,1], (2.3)
then i(A,Ω,P ) = 1, and so A has a fixed point in Ω .
Proof. From (2.3) we see the condition (2.1) in Theorem 2.1 is satisfied where μ is taken
as μ = 1. Therefore, by Theorem 2.1 we immediately see that the conclusions of Corol-
lary 2.2 hold. 
Remark 2.1. Corollary 2.1 extends the famous Leray–Schauder’s theorem to the case of
completely continuous and weakly inward mappings. In addition, Theorem 2.1 is a gener-
alization of [1, Theorem 3.5(a)].
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condition
‖Ax‖ ‖x‖ and Ax = x, for all x ∈ ∂Ω(P ), (2.4)
then i(A,Ω,P ) = 1, and so A has a fixed point in Ω .
Proof. By Corollary 2.1, it suffices to prove that (2.4) implies the condition (L–S). Sup-
pose it is not true. Then there exist x0 ∈ ∂Ω(P ), t0  1 such that Ax0 = t0x0. From (2.4),
one can see that t0 > 1. And so ‖Ax0‖ = t0‖x0‖ > ‖x0‖, contradicting with (2.4). 
Remark 2.2. Theorem 2.2 extends the one of the two Rothe’s theorems to the case of
weakly inward mappings.
Theorem 2.3. Let X be a real Banach space, P a cone of X, Ω ⊂ P a bounded relatively
open subset of P and A :Ω → X a completely continuous and weakly inward mapping. If
A(∂Ω(P )) ⊂ Ω , then i(A,Ω,P ) = 1, and so A has at least one fixed point in Ω .
Proof. Without loss of generality, suppose that Ax = x, for all x ∈ ∂Ω(P ). Let x0 ∈ Ω ,
and set H(t, x) = tAx + (1 − t)x0 for every (t, x) ∈ [0,1] × Ω . As the proof in Theo-
rem 2.1, it follows that H(t, x) is an admissible homotopy. Therefore, i(Ht ,Ω,P ) = const,
for any t ∈ [0,1]. Consequently, i(A,Ω,P ) = 1, and so A has a fixed point in Ω . 
Remark 2.3. Theorem 2.3 extends the other famous Rothe’s theorem to the case of weakly
inward mappings. It should be noted that, under the hypotheses of Theorem 2.3, the fact
that A has a fixed point was proved in [7]. However, the latter has no conclusion concerning
fixed point index. In addition, our method is an alternative.
Theorem 2.4. Let X, P , Ω , A be the same as in Theorem 2.3, μ 1. If A satisfies either
of the following conditions:
(i) θ ∈ Ω , Ax = λx, for all x ∈ ∂Ω(P ), λ > μ;
(ii) x0 ∈ Ω , ‖Ax − μx0‖ μ‖x − x0‖ for all x ∈ ∂Ω(P ),
then i( 1
μ
A,Ω,P ) = 1 and the equation Ax = μx has a solution in Ω .
Proof. Suppose that (i) is satisfied. It suffices to set x0 = θ in Theorem 2.1. If (ii) is satis-
fied, it only needs to show that (ii) implies (2.1). Indeed, suppose it is not true. Then there
exist y0 ∈ ∂Ω(P ) and α0 > μ such that
Ay0 − μx0 = α0(y0 − x0). (2.5)
From (ii), we obtain α0‖y0 −x0‖ μ‖y0 −x0‖. It follows from ‖y0 −x0‖ = 0 that α0  μ,
a contradiction with α0 > μ. So the condition (2.1) holds. 
Theorem 2.5. Let X, P , Ω , A be the same as in Corollary 2.1. If there exists α > 1 such
that
‖Ax − x‖α  ‖Ax‖α − ‖x‖α, for all x ∈ ∂Ω(P ), (2.6)
then i(A,Ω,P ) = 1, and so A has at least one fixed point in Ω .
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shall prove that the condition (L–S) is satisfied under the conditions in Theorem 2.5.
Suppose it is not true. Then there exists x0 ∈ ∂Ω(P ), μ0  1 such that Ax0 = μ0x0. It
is easy to see that μ0 > 1. Now, consider the function defined by
f (t) = tα − (t − 1)α − 1, for any t  1, α > 1.
Since f ′(t) = α[tα−1 − (t −1)α−1] > 0 by formal differentiation, f (t) is a strictly increas-
ing function in [1,∞). And so f (t) > f (1) for t > 1, i.e., tα − 1 > (t − 1)α , for any t > 1,
α > 1. Consequently, noting that ‖x0‖ = 0, μ0 > 1, we have
‖Ax0 − x0‖α = ‖μ0x0 − x0‖α = (μ − 1)α‖x0‖α <
(
μα0 − 1
)‖x0‖α
= ‖μ0x0‖α − ‖x0‖α = ‖Ax0‖α − ‖x0‖α.
This is a contradiction to (2.6), and so the condition (L–S) is satisfied. By Corollary 2.1,
we can assert that the conclusions of Theorem 2.5 hold. 
Similarly, we also have
Corollary 2.3. Let X, P , Ω , A be the same as in Corollary 2.1. If A satisfies
‖Ax − x‖2  ‖Ax‖2 − ‖x‖2, for all x ∈ ∂Ω(P ),
then i(A,Ω,P ) = 1, and so A has at least one fixed point in Ω .
Corollary 2.4. Let X, P , Ω , A be the same as in Corollary 2.1. If there exist α > 1 and
μ 1 such that
‖Ax − μx‖α  ‖Ax‖α − ‖μx‖α, for all x ∈ ∂Ω(P ), (2.7)
then the equation Ax = μx has at least one solution in Ω , and i( 1
μ
A,Ω,P ) = 1.
Proof. From (2.7), we have
1
μα
‖Ax − μx‖α  1
μα
‖Ax‖α − 1
μα
‖μx‖α, for all x ∈ ∂Ω(P ),
i.e., ‖ 1
μ
Ax − x‖α  ‖ 1
μ
Ax‖α − ‖x‖α . It is clear that 1
μ
A is a completely continuous and
weakly inward mapping and satisfies the condition (2.6). So Corollary 2.4 follows from
Theorem 2.5. 
Remark 2.4. Corollary 2.3 extends the famous Altman’s theorem to the case of weakly
inward mappings.
Theorem 2.6. Let X, P , Ω , A be the same as in Corollary 2.1. If A satisfies
‖Ax‖ ‖Ax − x‖, for all x ∈ ∂Ω(P ), (2.8)
then i(A,Ω,P ) = 1, and so A has at least one fixed point in Ω .
Proof. From Theorem 2.5, it suffices to show that (2.8) implies (2.6), which is trivial. 
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mappings.
Similarly, we also have
Corollary 2.5. Let X, P , Ω , A be the same as in Corollary 2.1. If there exists μ 1 such
that
‖Ax‖ ‖Ax − μx‖, for all x ∈ ∂Ω(P ),
then the equation Ax = μx has a solution in Ω .
Theorem 2.7. Let X be a real Hilbert space, P a cone of X, Ω ⊂ P a bounded relatively
open subset of P with θ ∈ Ω . If A :Ω → X is a completely continuous and weakly inward
mapping and satisfies
(Ax,x) ‖x‖2, for all x ∈ ∂Ω(P ),
then A possesses at least one fixed point in Ω .
Proof. We will use Corollary 2.3 to prove Theorem 2.7. In fact, for all x ∈ ∂Ω(P ), we
have
‖Ax − x‖2 = (Ax − x,Ax − x)
= ‖Ax‖2 − 2(Ax,x) + ‖x‖2 > ‖Ax‖2 − 2‖x‖2 + ‖x‖2
= ‖Ax‖2 − ‖x‖2.
So by Corollary 2.3, we conclude that A has at least one fixed point in Ω . 
Remark 2.6. Theorem 2.7 extends the Krasnoselskii’s theorem to the case of weakly in-
ward mappings.
Theorem 2.8. Let X, P , Ω , A be the same as in Corollary 2.1. If there exists α ∈ (0,1)
such that
‖Ax − x‖α  ‖Ax‖α − ‖x‖α, for all x ∈ ∂Ω(P ), (2.9)
then i(A,Ω,P ) = 1, and so A has a fixed point in Ω .
Proof. Without loss of generality, suppose that A has no fixed point on ∂Ω(P ). From
Corollary 2.1, it suffices to show that the condition (L–S) is satisfied under the conditions
in Theorem 2.8. Indeed, suppose that it is not true. Then there exist x0 ∈ ∂Ω(P ) and μ0  1
such that Ax0 = μ0x0. So we have μ0 > 1, x0 = θ . Now consider the function
f (t) = (t − 1)α − tα + 1, for all t  1, α ∈ (0,1).
The formal differentiation yields
f ′(t) = α(t − 1)α−1 − αtα−1 > 0, for all t > 1, α ∈ (0,1).
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t > 1, that is, (t − 1)α > tα − 1 for t > 1. Thus, setting t = μ0, we have
‖Ax0 − x0‖α = ‖μ0x0 − x0‖α = (μ − 1)α‖x0‖α
>
(
μα0 − 1
)‖x0‖α = ‖Ax0‖α − ‖x0‖α.
This contradiction to (2.9) proves the assertion. Therefore, it follows from Corollary 2.1
that the conclusions of Theorem 2.8 hold. 
Corollary 2.6. Let X, P , Ω , A be the same as in Corollary 2.1. If there exist α ∈ (0,1)
and μ 1 such that
‖Ax − μx‖α  ‖Ax‖α − ‖μx‖α, for all x ∈ ∂Ω(P ),
then the equation Ax = μx possesses at least one solution in Ω .
Theorem 2.9. Let X, P , Ω , A be the same as in Corollary 2.1. If there exists α > 1 such
that
‖Ax + x‖α  ‖Ax‖α + ‖x‖α, for all x ∈ ∂Ω(P ), (2.10)
then i(A,Ω,P ) = 1, and so A has a fixed point in Ω .
Proof. Without loss of generality, suppose that A has no fixed point on ∂Ω(P ). From
Corollary 2.1, it suffices to show that the condition (L–S) is satisfied under the conditions
in Theorem 2.9. Indeed, suppose that it is not true. Then there exist x0 ∈ ∂Ω(P ) and μ0  1
such that Ax0 = μ0x0. So we have μ0 > 1, x0 = θ . Now consider the function
f (t) = (t + 1)α − tα − 1, for all t  1, α > 1.
The formal differentiation yields
f ′(t) = α(t + 1)α−1 − αtα−1 > 0, for all t > 1, α ∈ (0,1).
Therefore, f (t) is a strictly increasing function in [1,∞), and hence, f (t) > f (1) for
t > 1, that is, (t +1)α − tα −1 > tα −2 > 0 for t > 1 since α > 1. Hence, (t +1)α > tα +1.
Thus, setting t = μ0, we have
‖Ax0 + x0‖α = ‖μ0x0 + x0‖α = (μ + 1)α‖x0‖α
>
(
μα0 + 1
)‖x0‖α = ‖Ax0‖α + ‖x0‖α.
This contradiction to (2.10) proves the assertion. Therefore, it follows from Corollary 2.1
that the conclusions of Theorem 2.9 hold. 
Corollary 2.7. Let X, P , Ω , A be the same as in Corollary 2.1. If A satisfies
‖Ax + x‖2  ‖Ax‖2 + ‖x‖2, for all x ∈ ∂Ω(P ),
then i(A,Ω,P ) = 1, and so A has at least one fixed point in Ω .
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μ 1 such that
‖Ax + μx‖α  ‖Ax‖α + ‖μx‖α, for all x ∈ ∂Ω(P ),
then the equation Ax = μx has at least one solution in Ω .
Theorem 2.10. Let X, P , Ω , A be the same as in Corollary 2.1. Suppose that A :Ω → E
is a completely continuous and weakly inward mapping. If there exists α ∈ (0,1) such that
‖Ax + x‖α  ‖Ax‖α + ‖x‖α, for all x ∈ ∂Ω(P ), (2.11)
then A has a fixed point in Ω and i(A,Ω,P ) = 1.
Proof. The proof is exactly the same as in Theorem 2.8, except considering the function
f (t) = tα + 1 − (t + 1)α , for t  0, α ∈ (0,1), instead of the function f (t) = (t − 1)α −
tα + 1, for all t  1, α ∈ (0,1). 
Corollary 2.9. Let X, P , Ω , A be the same as in Corollary 2.1. If there exist α ∈ (0,1)
and μ 1 such that
‖Ax + μx‖α  ‖Ax‖α + ‖μx‖α, for all x ∈ ∂Ω(P ),
then the equation Ax = μx has at least one solution in Ω .
Theorem 2.11. Let X, P , Ω , A be the same as in Corollary 2.1. If there exists α < 0 such
that
‖Ax − x‖α  ‖Ax‖α − ‖x‖α, for all x ∈ ∂Ω(P ), (2.12)
then i(A,Ω,P ) = 1, and so A has a fixed point in Ω .
Proof. Without loss of generality, suppose that A has no fixed point on ∂Ω(P ). From
Corollary 2.1, it suffices to show that the condition (L–S) is satisfied.
Indeed, suppose the contrary. Then there exist x0 ∈ ∂Ω(P ) and μ0  1 such that Ax0 =
μ0x0. So we have μ0 > 1, x0 = θ . Since (t −1)α > tα −1, for any t  1, α < 0, so we have
(t − 1)α‖x0‖α > (tα − 1)‖x0‖α . Let t = μ0 > 1. Then ‖μ0x0 − x0‖α > ‖μ0x0‖α −‖x0‖α ,
i.e.,
‖Ax0 − x0‖α > ‖Ax0‖α − ‖x0‖α.
This contradiction with (2.12) shows that the condition (L–S) holds. 
Corollary 2.10. Let X, P , Ω , A be the same as in Corollary 2.1. If there exists α < 0 and
μ 1 such that
‖Ax − μx‖α  ‖Ax‖α − ‖μx‖α, for all x ∈ ∂Ω(P ),
then the equation Ax = μx has a solution in Ω .
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that
‖Ax + x‖α  ‖Ax‖α + ‖x‖α, for all x ∈ ∂Ω(P ), (2.13)
then A has at least one fixed point in Ω and i(A,Ω,P ) = 1.
Proof. The proof is exactly the same as in Theorem 2.11, except using the inequality
(t + 1)α < tα + 1, for t  1, α < 0, instead of the inequality (t − 1)α > tα − 1, for any
t  1, α < 0. 
Corollary 2.11. Let X, P , Ω , A be the same as in Corollary 2.1. If there exist α < 0 and
μ 1 such that
‖Ax + μx‖α  ‖Ax‖α + ‖μx‖α, for all x ∈ ∂Ω(P ),
then the equation Ax = μx possesses a solution in Ω .
Lemma 2.1. [1] Let X, P , Ω , A be the same as in Corollary 2.2. If there exists x0 ∈ P
with x0 = θ such that
x = Ax + λx0, for all x ∈ ∂Ω(P ), λ 0, (2.14)
then i(A,Ω,P ) = 0.
Theorem 2.13. Let X be a real Banach space, P a cone of X, Ω1, Ω2 relatively bounded
open subsets of P such that θ ∈ Ω1 ⊂ Ω1 ⊂ Ω2, x0 ∈ Ω2, y0 ∈ P and y0 = θ . Suppose
that A :Ω2 → X is a completely continuous and weakly inward mapping. If the following
conditions are satisfied:
(i) x = tAx + (1 − t)x0, for each x ∈ ∂Ω2(P ), t ∈ (0,1];
(ii) x = Ax + ty0, for any x ∈ ∂Ω1(P ), t  0,
then A has at least one fixed point in Ω2\Ω1.
Proof. By combining Corollary 2.2, Lemma 2.1 and Additivity property (c) of the fixed
point index, we have
i(A,Ω2\Ω1,P ) = i(A,Ω2,P ) − i(A,Ω1,P )
= 1 − 0 = 1.
It follows from Solvability property (b) that A has at least one fixed point in Ω2\Ω1. 
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